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High-dimensional entangled states are of significant interest in quantum science as they increase
the information content per photon and can remain entangled in the presence of significant noise. We
develop the analytical theory and show experimentally that the noise tolerance of high-dimensional
entanglement can be significantly increased by modest increases to the size of the Hilbert space.
This work is developed in the context of spatial entanglement, but it can easily be translated to
photonic states entangled in different degrees of freedom. We also demonstrate that knowledge of
a single parameter, the signal-to-noise ratio, precisely links measures of entanglement to a range of
experimental parameters quantifying noise in a quantum communication system, enabling accurate
predictions of its performance. This work serves to answer a simple question: “Is high-dimensional
photonic entaglement robust to noise?”. However, despite the simplicity of the question, we show
that the answer is more nuanced than a simple “yes” or “no”.
INTRODUCTION
Entanglement is considered one of the most impor-
tant features of quantum information science and plays
a central role in many quantum communication proto-
cols [1–3]. The strong, non-classical correlations inherent
to entanglement allow one to share information between
two parties that is secure against the most sophisticated
eavesdropping attacks, with information security even
provided independent of the devices used [4]. Entangled
photons produced via parametric nonlinear processes are
a workhorse for many branches of quantum information
science, ranging from fundamental tests of quantum me-
chanics to entanglement-based quantum communication
[5–10]. However, photonic entanglement is extremely sus-
ceptible to common sources of noise such as channel loss,
background counts, multi-photon effects, and imperfect
measurement devices, which can make its detection chal-
lenging.
In recent years, high-dimensional entanglement has
emerged as a way to increase the robustness of en-
tanglement, and as a result, increase the resistance of
entanglement-based quantum communication to noise
[11–15], see Refs. [16, 17] for an overview. These stud-
ies follow the work in Ref. [18] that showed that viola-
tions of local realism are stronger for high-dimensional
systems. In addition, encoding information in pho-
tonic high-dimensional degrees-of-freedom such as trans-
verse position/momentum and time/frequency offers an
increased information bandwidth over qubit encoding,
i.e. greater than one bit of information per transmitted
photon. This allows one to build efficient quantum net-
works and quantum cryptography systems that use the
full information-carrying capacity of a photon [19–23].
Several recent works on photonic high-dimensional en-
tanglement have demonstrated a qualitative advantage
over qubit entanglement in terms of information-capacity
and noise-robustness [24, 25]. However, a careful analysis
outlining the precise noise conditions and Hilbert space
dimension where such an advantage can or cannot be
found is still lacking. Here, we formulate these condi-
tions in terms of easily measurable experimental param-
eters, and establish the exact noise bounds and Hilbert
space dimension where high-dimensional entanglement
provides an advantage for entanglement certification in
the presence of noise, and where it does not. We exper-
imentally verify the predictions in the context of spatial
entanglement generated in the few-photon limit, but the
results are applicable to degrees of freedom where high-
dimensional entanglement exists, e.g. time-bin entangle-
ment. The results are also relevant to hyper and hybrid
entanglement.
We follow a two-step approach to developing an op-
erational noise model for photonic high-dimensional en-
tanglement: First, we show how the seemingly complex
relationship between the sources of noise in the state,
channel, and detection system can be distilled into one
operational quantity—the signal-to-noise ratio Q, which
we refer to as the quantum contrast. The quantity Q
is simply the ratio of the coincidence counts to the acci-
dental counts and can readily be established in any ex-
periment. An analysis of the functional form of Q that
we present will allow an experimenter to optimise their
source, channel, and detector specifications in order to
achieve the best noise performance (highest Q) possible.
Second, we test a series of contemporary entanglement
measures and analyse their performance in the presence
of noise. In all cases, we find that the performance of
the system, as quantified by the ability to certify (high-
dimensional) entanglement, can be accurately predicted
by knowledge of the system dimension d and only one
experimentally measurable parameter: Q.
For high-dimensional photonic entanglement, our re-
sults show that separating the dimension in which one
wishes to observe the entanglement and the dimen-
sion of the Hilbert space allows one to tolerate signifi-
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2cantly more noise in an entanglement distribution sys-
tem. However, depending on the entanglement certifica-
tion method used, there is an optimum dimension where
one finds the best possible noise performance. Interest-
ingly, the largest increase in noise tolerance is obtained
for only a modest increase in Hilbert space dimension,
allowing the use of inefficient detectors or operation in
extremely noisy environments.
THEORETICAL MODEL
The relationship between Q and p from the isotropic
state
An often-used model for describing noise in an entan-
gled state combines a maximally entangled state |φ〉 with
a maximally mixed state Iˆ denoting white noise:
ρˆ = p|φ〉〈φ|+ (1− p)
d2
Iˆ. (1)
This is often referred to as the isotropic state. Here,
p refers to the probability that the state remains intact
[26]. One sees here that the resistance to noise will in-
crease linearly with system dimension d—the threshold p
required to certify any entanglement is equal to 1/(d+1)
[11]. As the system dimension is increased, one can ex-
pect to overcome any amount of noise. For example, the
threshold p in d = 2 is 1/3, whereas the threshold p in
d = 10 reduces to only 1/11. However, in any realistic
scenario, p turns out to be a dimension-dependent pa-
rameter that involves a complex interplay between noise
attributed to the state, the channel, and the detection
system.
Our work focuses on the signal-to-noise ratio Q (de-
fined in the next section), rather than p, but we can
relate these two parameters to each other. This is im-
portant as we can establish the link between theory and
experiment is a simple fashion. We can relate the p from
the isotropic state to Q and dimension d through
p(d,Q) = Q− 1Q− 1 + d . (2)
Solving this for Q, we see that for a fixed value of p and
as d increases, it is necessary to increase Q. For example,
to achieve p = 1/3 in d = 2 requires that that the signal
to noise equal Q = 2, whereas to achieve p = 1/3 in
d = 10 requires that Q = 6. This is illustrated in Fig. 1
where we see the relationship between d, Q, and p.
Definition of Q
We introduce a formalism that takes into account the
common sources of noise in photonic systems: photon-
pair generation probability in spontaneous parametric
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FIG. 1. The relationship between Q, d and p from the
isotropic state. The white lines indicate constant values of p.
We see that maintaining a constant value of p as d increases
requires an increase to the signal-to-noise ratio Q.
downconversion (SPDC) µ [27–31], imperfect measure-
ments with dark counts from the detector and back-
ground counts from ambient light sources rolled into a
term n [32–34], and a term that accounts for any loss or
non-unity collection efficiency η. The system we consider
uses single-photon detectors without the ability to per-
form photon-number detection. Adding photon-number
resolving detection would enable the detection of entan-
glement with more multi-photon pairs, but in this work
we consider the most widely used case for two-photon
entanglement.
We consider the measurement interval to be the time
that a detector is active, and the quantities µ and n are
then normalised with respect to this time window. In
the case that µ 1, higher order multi-photon terms do
not significantly contribute, and µ can be considered as
the probability of generating a photon pair per detection
event. The value n is the probability of detecting any
noise event in the time window. In general, n and η
can be dimension-dependent, however, in our theoretical
formalism we treat them as being independent as this
represents the best-case scenario for noise-resistance.
The state that we consider is then
|φ〉 =
d∏
j=1
[
+∞∑
m=0
(
µ
µ+ 1
)m
2 aˆ†m1,j aˆ
†m
2,j
m!
√
1 + µ
]
|vac〉, (3)
where aˆ†m1,j is the creation operator for m photons in mode
j. Details of the derivation of Eq. (3) are given at the end
of the paper. We assume that the efficiencies and noise
levels in each channel are the same, so the probability of
two-photon coincidences and accidentals per time win-
dow is given by p
(j,k)
coi = η
2δj,kµ(1 +µ) + (n + ηµ)
2, where
j and k are indices for the different modes of the photons,
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FIG. 2. The signal-to-noise ratio Q as a function of the noise-
efficiency ratio n/η and the photon pair generation rate µ.
Given a noise-efficiency ratio, there is an optimal generation
rate that maximises the signal to noise.
and 1 ≤ j, k ≤ d, with d equal to the dimension of the
Hilbert space. We define the signal-to-noise ratio or the
quantum contrast Q as the ratio of coincidences p(j,j)coi to
accidentals p
(j,k 6=j)
coi
Q = 1 + µ(1 + µ)
(nη + µ)
2
. (4)
The quantum contrast can be optimised by an appropri-
ate choice of the pair generation rate µ based on the noise
parameters η and n, and achieves a maximum value of
Qmax = 1+η2/[4n(η−n)], when the pair generation rate
is set to µ = n/(η − 2n), see Fig. 2.
Assumptions of the model
There are two important assumptions in our analytic
theory: first, the dimension of the state Eq. (3) can be in-
creased without any penalty; and second, the amplitudes
of the mode coefficients are equal, i.e. the bandwidth of
the state is considered “flat”. These assumptions greatly
simplify the theoretical description and provide an up-
per bound to noise resistance. In any physical system,
however, there will be an upper limit to the size of the
space, and real sources often require entanglement con-
centration in order to achieve a flat state [5].
To rigorously test the validity of assumptions, we ad-
dress the problem of a finite-dimensional and non-flat
state with numerical simulations representative of high-
dimensional states reported in the literature. Quanti-
tative comparisons between the predictions of the the-
ory, which includes the assumptions, and a wide range of
physical states can then be made. In addition, a non-flat
state may have a varying quantum contrast for different
mode. However, this is something that we can investi-
gate in the numerical simulations, and we find that the
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FIG. 3. (a). The required quantum contrast Q vs. dimen-
sion d for the two-MUB witness. The dotted line represents
the necessary Q for k = d dimensional entanglement. The
dashed line represents the optimal dimension for measuring
k−dimensional entanglement. (b). Required quantum con-
trast Q vs. dimension d for various values of k for the d+ 1-
MUB witness. The contrast necessary for d-dimensional en-
tanglement in a d-dimensional space is indicated by the dot-
ted line and is equal to d2 − d; the contrast necessary for
k-dimensional entanglement in an infinite space is equal to k,
indicated in the bottom right-hand side of the figure.
predictions of the theory still hold when we take the av-
erage quantum contrast across the relevant set of mea-
surements.
Entanglement verification via two mutually unbiased
bases
Recently, it was shown that measurements in two mu-
tually unbiased bases (MUBs) are sufficient to lower
bound the fidelity of a state and certify high-dimensional
entanglement [25]. If the fidelity F (ρ,Φ) of the state ρ
with respect to a d-dimensional target state Φ is greater
than (k − 1)/d, ρ is entangled in at least k dimensions,
i.e. it has Schmidt rank of at least k. As we consider
a state with a uniform modal distribution, the quantum
contrast is basis-independent. The two-MUB witness can
then be used to lower bound the achievable fidelity F˜ of
a d-dimensional state with quantum contrast Q:
F˜ (ρ,Φ) ≥ Q− d+ 1Q+ d− 1 . (5)
4Consequently, in order to certify k-dimensional entangle-
ment, the quantum contrast must satisfy
Q > (d− 1)(d+ k − 1)
d− k + 1 . (6)
We see that as k is increased, the minimum contrast
that is required increases. Importantly, as shown in
Fig. 3a, we see that in order to certify k-dimensional
entanglement, a minimum quantum contrast of Qopt =
3k + 2
√
2
√
(k − 2)(k − 1) − 4 is necessary, which is ob-
tained when the dimension of the Hilbert space we are
working in is set to dopt = [
√
2
√
k2 − 3k + 2 + k − 1].
We see that dopt is reached by increasing k by ap-
proximately (1 +
√
2) ≈ 2.41 times, at which we have
significantly increased our system’s ability to tolerate
noise. The gain can be quantified as the ratio of Q when
d = k and when d = dopt. This ratio is approximately
(2/(3 + 2
√
2))k ≈ 0.343k, so if k = 1000, increasing d
by 2.41 times reduces Q by 343. From an experimental
perspective, this decrease in Q permits the use of a detec-
tor with a significantly lower detection efficiency/channel
loss, or a higher dark/background count rate.
Example for an EMCCD camera
As an example of the gains this provides, consider a
multi-outcome detector, such as a single-photon detec-
tor array or EMCCD camera [35, 36]. These detectors
are commonly used for measurements of spatial entangle-
ment as they allow multi-outcome measurements in two
MUBs, i.e. the position and momentum bases. Cer-
tifying k = 1000 entanglement in a d = 1000 space us-
ing two MUBs requires a signal-to-noise of approximately
2 × 106. Achieving this signal-to-noise requires, for ex-
ample, a noise per detection event of n = 1 × 10−7 and
an efficiency of η = 80%. Increasing the dimension of
the space by a factor 2.41, (e.g. moving from a 32 by 32
array of pixels to a 49 by 49 grid), reduces the neces-
sary Q by ≈343 times, and, for example, the allowable
detector noise can increase two orders of magnitude to
n = 1 × 10−5 while the efficiency simultaneously drops
to 23%.
Entanglement verification via all mutually unbiased
bases
Measurements in all d + 1 MUBs allow one to calcu-
late the exact fidelity while also providing better noise
performance [25]. In this case, the fidelity is given by
F˜ (ρ,Φ) =
Q+ 1d − 1
Q+ d− 1 . (7)
Then, for a d-dimensional system with quantum contrast
Q, one can certify an entanglement dimensionality of
k <
(d+ 1)Q
d+Q− 1 . (8)
We see here that knowledge of Q provides an upper limit
to the number of entangled dimensions. In any exper-
iment an estimate of Q can be established easily, and
therefore, k can be predicted in a fast and accurate man-
ner.
As in the two-MUB case, entanglement certification in
increasing k = d dimensions necessitates an accompany-
ing increase in the required quantum contrast (Fig. 3b).
However, significant reductions in the required quantum
contrast are achieved when we allow the dimension of the
Hilbert space to increase with respect to the dimension of
the entanglement, i.e. if k < d. In the limit that d→∞,
we see that the number of entangled dimensions k → Q.
It follows that if we measure a system with a contrast
of Q, it can have at most bQc dimensions of entangle-
ment. Consequently, the minimum contrast required for
verification of k dimensions of entanglement is equal to
k.
NUMERICAL AND EXPERIMENTAL RESULTS
Analysis of data from Ref. [25]
In order to verify that knowledge of the signal-to-noise
ratio provides an accurate estimate of system perfor-
mance when using two MUBS, we re-analyzed the data
presented in Ref. [25] to calculate Qexp for the measure-
ments in each of the MUBs and used this to predict the
system performance, see Table I. In each dimension (d =
3, 5, 7, and 11), we see that knowledge of Qexp gives an
estimate of (kpred = 3, 5, 6, and 9) respectively, which
are the exact values of dimension obtained. This confirms
that knowledge of a single, easily obtainable, experimen-
tally measured parameter Qexp provides a very accurate
prediction of system performance.
Experimental verification
To investigate the predictions of our theory, we per-
form measurements on the high-dimensional entangled
state produced by SPDC, see Fig. 4(a). The measure-
ments are performed using the spatial degree of freedom
in all MUBs in 3, 5, and 7 dimensions with average quan-
tum contrasts ranging from Q = 5 to 40. Q is varied by
adjusting the laser pump power and ambient lighting con-
ditions in the lab and is calculated as the average of the
signal-to-noise ratios of each of the MUBs.
All the measurements are conducted in the “pixel”
bases [37], where the computational basis uses the stan-
5Measured data from Ref. [25] Predictions based on Qexp Optimal conditions
d F˜exp kexp Qexp F˜pred kpred dopt Qopt
3 91.5±0.4% 3 71±1 94.5±0.1% 3 4 9.0
5 89.9±0.4% 5 70±5 89.2±0.7% 5 9 20.8
7 84.2±0.5% 6 68±4 83.9±0.9% 6 14 32.5
11 74.8±0.4% 9 81±2 78.1±0.5% 9 23 55.8
TABLE I. Comparison of the results from Ref. [25] against the predictions of this work. The data from [25] was evaluated to
calculate an average signal-to-noise ratio for the two MUBs in each of the dimensions. These Qexp values are then used to
predict the fidelity F˜pred and dimension kpred of the entanglement. For every dimension d, the experimentally observed kexp
and the predicted kpred are equal to each other, thus confirming that the system performance can accurately be predicted with
knowledge of Q.
FIG. 4. (a) Schematic of experiment to generate and measure
high-dimensional entanglement in the pixel basis. BBO =
Beta barium borate; IF = interference filter; SLM = spatial
light modulator; SMF = single-mode fibre. (b) Illustration
of the modes on the SLM used to detect high-dimensional
entanglement. The left half of the SLM is used to detect the
signal (s); the right half is used to detect the idler (i). Each
small box represents a mode in the computational MUB. (c)
In seven dimensions, there are eight MUBS, and MUB 0 is the
computational basis. The signal-to-noise ratio Q is assumed
to be constant across all MUBs in the theory and we calculate
the average Q across the MUBs in the experiment.
dard anti-correlations in photon momenta that are are
observed in the far-field of SPDC. Fig. 4(b) indicates
the intensity distribution of the far-field of the SPDC
together with the areas integrated for the measurement
modes. We use one SLM, where the left half used for the
signal photon, and the right half is used for the idler pho-
ton. For the computational basis measurements (MUB
0), a single area of the signal and idler is active at any one
time; for all the other MUB measurements, all elements
are active all times with the phase of each area appro-
priately controlled. The coincidence matrices for all the
MUBS, and thus the joint probabilities, are measured by
scanning through the appropriate signal and idler modes
on the SLM.
The data are analysed to calculate the lower bound to
the fidelity and thus a value of k. Figure 5a shows exper-
imental evidence of two of the results of this work: first,
that knowledge of Q and d provides an accurate predic-
tion of system performance with respect to entanglement
measures; and second, that increasing the operational di-
mension allows one to tolerate larger amounts of noise
for the same (or larger) certified entanglement dimen-
sionality. The measured values of k plotted in Fig. 5 are
observed to be very close to, but not above, the upper
bound predictions of Eq. 8. We observe that entangle-
ment in larger dimensions (k increases) can be achieved
by increasing d while tolerating a lower signal-to-noise
(Q drops).
Figure 6 shows the variation of the measured signal to
noise ratios for different MUBs in different dimensions.
We see that the Q value for the computational MUB
(MUB 0) is consistently higher than the values for the
other MUBs, which are observed to be very close to each
other. We believe that this is a systematic error intro-
duced by the SLM-based measurement method, rather
than anything inherently in the generated state. Despite
this systematic error, the predicted performance of sys-
tem with regards to all entanglement metrics still per-
forms exceptionally well when using the average value of
Q across all the different MUBs.
The the signal-to-noise values for each MUB are cal-
culated from the appropriate coincidence probability ma-
trix, Fig. 5(b). For one MUB, it is calculated as the aver-
age of the diagonal elements of the matrix divided by the
average of the off-diagonal elements of the matrix. We
chose this approach to measure the most accurate value
of Q, however, a very fast estimate of Q can be obtained
by measuring the coincidence rates for only one diagonal
and one off-diagonal element of any of the coincidence
matrices. The predicted system performance when using
this fast method will depend on any error between the
estimated Q and the true value.
Numerical verification
Our theory considers a “flat” bandwidth of the state
as this assumption considerably simplifies the theory. To
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FIG. 5. (a) Experimental certification of k-dimensional en-
tanglement for signal-to-noise ratios ranging from Q = 5 to
40 for d = 3, 5, and 7. The dotted lines are the analytical
theory, the solid points are the measured values of k. The
two grey arrows represent the lowering of Q from 32 to 12
for 5-dimensional entanglement and 23 to 6 for 3-dimensional
entanglement. In both cases, provided that d is increased,
high-dimensional entanglement remains even if the signal to
noise falls. (b) The measurement matrices showing the joint
measurement probabilities for three sample data sets.
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used that is typical of the observed trends. This shows that
MUB 0 has a higher Q value than the other MUBs, which
are all measured to be close to each other. The MUB av-
erage is the value that is used for the predictions of system
performance.
take into account the effects of a reduced bandwidth,
we perform numerical simulations on a finite bandwidth
state. The width of the state is controlled by setting
the probability amplitude of the single photons to have a
Gaussian distribution. We use σ = 2, 4, 10 and 100000. A
necessary consequence of a limited bandwidth is there ex-
ists crosstalk in MUBs other than the computational ba-
sis. These simulations therefore enable us to investigate
realistic quantum sources that exhibit common types of
measurement error. We introduce noise into the simu-
lated data and then calculate an average Q value over all
the MUBs.
Figure 7 shows the results for numerical simulations
of k-dimensional entanglement certification for a state
with a finite number of entangled modes. Despite the
finite widths, the two main results of our work are still
observed: the average Q is a very good indicator of sys-
tem performance, and increasing the size of the space
(d) enables the certification of entanglement in larger di-
mensions with lower signal-to-noise. The difference from
the analytical theory, which provides an upper bound, is
that the size of the space cannot be increased indefinitely.
One finds that there is an upper limit to the advantage of
increasing d. The σ = 100000 result, which represents a
state with a very large bandwidth, is a very close match
to the analytical theory.
ADDITIONAL ENTANGLEMENT MEASURES
Conditional Entropy
We also analyse the noise dependance of conditional
entropies commonly used in the confirmation of EPR
steering [3, 38, 39]. EPR steering can be confirmed
if the measurements in two MUBs violate the inequal-
ity H1(X|Y ) + H2(X|Y ) ≥ log2 d, where H1(X|Y ) and
H2(X|Y ) are the conditional entropies in each of the
bases [40]. After we consider the sum of the conditional
entropies in two bases, we find that
log2(Q+ d− 1)−
Q
Q+ d− 1 log2Q−
1
2
log2 d < 0. (9)
There is no analytical solution to this, but numerical so-
lutions show that the necessary quantum contrast Q re-
quired to demonstrate EPR steering increases linearly as
a function of Hilbert space dimension d, see dotted line
in Fig. 8. Experimental data for a range of dimensions
showing whether the steering criterion is violated (red)
or not (black) is also plotted as a function of quantum
contrast. Clear agreement is seen with the predictions of
Eq. 9, which demonstrates that knowledge of the signal-
to-noise ratio Q accurately predicts whether the EPR
steering criterion will be violated.
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FIG. 7. Numerical simulation of average quantum contrast vs. entangled dimension for a range of finite-width states. Each
point represents one numerical simulation, and the dotted lines are the analytical thoery. Increasing the size of the space
d continues to provide noise resistance, but only up to certain point governed by the width of the state. These numerical
simulations were performed by setting the width of the probability amplitude of the single photon to have a Gaussian envelope
of width σ for a wide range of signal to noise values. (a), (c), (e) and (g) all show the average Q vs. k for σ = 2, 4, 10 and
100000, respectively. (b), (d), (f) and (h) are samples of the coincidence matrices for σ = 2, 4, 10, and 100000 respectively,
showing the finite width of the state and the influence this has on cross-talk measurements in the MUBs. The σ = 100000 case
is a close approximation to the state that we consider in the analytical theory, and we recover the same results for this case.
High-dimensional non-locality based on the CGLMP
inequality
Finally, we consider the CGLMP inequality [5, 11] that
can be used for establishing non-locality. Local hidden
variable theories are consistent with Sd ≤ 2, whereas
quantum mechanics permits a violation of this inequality.
In their work, CGLMP showed that maximally entangled
quantum systems in high dimensions can achieve a theo-
retical value of Sd(QM), which would lead to a violation
of the inequality [11]. However, in any experimental ver-
ification, the achievable Sd is modified by imperfections
in the system. Under the fair-sampling assumption, the
maximum value of Sd given by
S˜d =
Q− 1
Q− 1 + dSd(QM). (10)
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FIG. 8. Certification of EPR steering in high dimensions for
a range of signal-to-noise ratios. Measurements in two MUBs
for a range of signal-to-noise ratios were taken and the data
tested against the EPR steering criteria. The data are plot-
ted as either red or black points depending on whether the
EPR criteria is violated or not. The dotted line is the bound-
ary that is calculated by solving Eq. 9. The derived bound,
based only on Q and d, accurately separates the experimen-
tally measured data.
Therefore, in order to violate the local hidden variable
inequality, the number of dimensions must satisfy
d <
(Q− 1)(Sd(QM)− 2)
2
. (11)
For large values of d, Sd(QM) ≈ 3, and the upper bound
for d can be approximated by d < (Q − 1)/2. Solving
for Q, we see that to violate the CGLMP inequality in d
dimensions, we must have a signal-to-noise ratio greater
than 2d+1, e.g. violating the inequality in 10 dimensions
requires that Q exceed ≈21.
As in the case of the fidelity witness, the separation
of k and d may provide a noise advantage in the form
of a decreased signal-to-noise threshold. It will also be
interesting to consider the implications of this work for
other Bell-like inequalities, such as the one developed for
maximally entangled states [41].
DISCUSSION AND CONCLUSION
This work serves to answer a simple question: “Are
photonic high-dimensional entangled states robust to
noise?” In reality, the answer to this question is more
nuanced than a simple “yes” or “no”, and our results
provide a clear demonstration of the advantages and dis-
advantages. When we consider the maximally entangled
state, we find that the total noise that the state can tol-
erate increases as the dimension of the state increases,
and therefore, it is obvious to claim that such states are
robust to noise. However, a counter argument can be
put forward when we recognize that the necessary exper-
imental signal-to-noise tends to increase as we increase
the dimension of the state in which we wish to observe
entanglement or non-locality.
Significant benefits for entanglement certification
emerge when we see that the dimension of the state in
which we wish to establish entanglement k and the di-
mension of the operational Hilbert space d are not re-
quired to be the same. The signal-to-noise requirements
for k-dimensional entanglement decrease as both d and
the total number of mutually unbiased bases used in the
measurement increases.
By distilling the information about the performance of
a photonic high-dimensional entanglement system into a
single operational parameter, we provide a powerful tool
that links theory and experiment, allowing us to accu-
rately predict system performance and choose an opti-
mum entanglement measurement strategy. This work
demonstrates that high-dimensional entanglement has
the potential to push the boundaries of entanglement-
based quantum communication systems, bringing them
from the confines of laboratory proof-of-principle demon-
strations to the realm of practical, real-world implemen-
tations under extreme conditions of noise.
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Generation of high-dimensional entanglement
through nonlinear optical processing
The Hamiltonian of the electromagnetic field in the
interaction picture in nonlinear optical media is given by
Hˆ′ =ei
Hˆ0
~ tHˆNLe
−i Hˆ0~ t
=
∑
j1,j2,j3
aˆ†j1 aˆ
†
j2
aˆj3sinc[
1
2
L · (kj1 + kj2 − kj3)]
ei(ω1+ω2−ω3)tΓj1,j2,j3 + H.c. (12)
aˆ†j1 aˆ
†
j2
indicates photon-pair generation events; H.c is the
Hermitian conjugate; aˆj3 represents the annihilation of a
pump photon, showing that photon pair generation is
proportional to the pump power; and |L| is the thick-
ness of the crystal. Γj1,j2,j3 is a function associated with
χ(2), |L|, ~, j , and the effective cross-section area of the
optical modes.
Furthermore, if ω1 + ω2 − ω3 6=0, the integral of
ei(ω1+ω2−ω3)t in the time domain will vanish, ensuring
energy conservation. In addition, the sinc{ 12L · [kj1 +
kj2−kj3 ]} term is from integration in the spatial degrees
of freedom, ensuring momentum conservation. Based on
these two conditions, there is only one independent vari-
able j, so that we have
Hˆ′ =
d∑
j=1
γj aˆ
†
1,j aˆ
†
2,j aˆ3 + H.c. (13)
where d is the dimension of entanglement modes, γj is
the reduction of Γj1,j2,j3 in Eq. (12), aˆ
†
1,j , aˆ
†
2,j is the cre-
ation operators for signal and idler photons, respectively,
and aˆ3 represents the annihilation operator of a pump
photon. Usually the pump light includes a very large
number of photons. Hence, the order of aˆ3 and aˆ
†
3 is no
longer important. Then aˆ3 and aˆ
†
3 can be replaced by αp
10
and α∗p. The final state is
|φ〉 = exp{
d∑
j=1
i
~
tγjαpaˆ
†
1,j aˆ
†
2,j −H.c.}|vac〉
=
d∏
j=1
exp{ i
~
tγjαpaˆ
†
1,j aˆ
†
2,j −H.c.}|vac〉
=
d∏
j=1
[
√
1− |fj |2
+∞∑
m=0
1
m!
fkj aˆ
†m
1,j aˆ
†m
2,j ]|vac〉
=
d∏
j=1
[
+∞∑
m=0
(
µ
µ+ 1
)m
2 aˆ†m1,j aˆ
†m
2,j
m!
√
1 + µ
]
|vac〉 (14)
where t is time, fj is associated with ~, t, γj and αp,
showing the intensity of correlated photon pairs in each
mode. |vac〉 indicates the initial state which is the vac-
uum state for signal and idler photons.
The maximally entanglement state is widely used,
which requires fj = constant. If all fj are not equal,
entanglement concentration can be used. We can replace
all fj with a constant so that
|fj |2 = µ
µ+ 1
(15)
where d is the dimension of entanglement, and µ proba-
bility of generating a photon pair per detection event.
